Let C n`1 o denote the germ of C n`1 at the origin. Let V be a hypersurface germ in C n`1 o and W a deformation of V over C m o . Under the hypothesis that W is a Newton non-degenerate deformation, in this article we will prove that W is a µ-constant deformation if and only if W admits a simultaneous embedded resolution. This result gives a lot of information about W , for example, the topological triviality of the family W and the fact that the natural morphism pWpCoq m q red Ñ Co is flat, where WpCoq m is the relative space of m-jets.
Introduction
Before stating and discussing the main problem of this article we will give some brief preliminaries and introduce the notation that will be used in the article.
1.0.1. Preliminaries on µ-constant deformations. Let O x n`1 :" Ctx 1 , ..., x n`1 u, n ě 0, be the C-algebra of analytic function germs at the origin o of C n`1 and C n`1 o the complex-analytic germ of C n`1 . By abuse of notation we denote by o the origin of C n`1 o . Let V be a hypersurface of C n`1 o , n ě 1, given by an equation f pxq " 0, where f is irreducible in O x n`1 . Assume that V has an isolated singularity at o. One of the important topological invariants of the singularity o P V is the Milnor number µpf q, defined by µpf q :" dim C O x n`1 {Jpf q, where Jpf q :" pB 1 f, ..., B n`1 f q Ă O x n`1 is the Jacobian ideal of f . In this article we will consider deformations of f that preserve the Milnor number. Let F be a deformation of f : where h i P O s m :" Cts 1 , ..., s m u, m ě 1, and g i P O x n`1 satisfy h i poq " g i poq " 0.
Date: January 29, 2020. The first author is partially supported by Project FONDECYT N˝: 1170743. The second author is partially supported by Projet ANR LISA, ANR-17-CE40-0023. Take a sufficiently small open set Ω Ă C m containing o, and representatives of the analytic function germs h 1 , ..., h l in Ω. By a standard abuse of notation we will denote these representatives by the same letters h 1 , ..., h l . We use the notation F s 1 pxq :" F px, s 1 q when s 1 P Ω is fixed. We will say that the deformation F is µ-constant if the open set Ω can be chosen so that µpF s 1 q " µpf q for all s 1 P Ω.
Let E :" te 1 , e 2 , ..., e n`1 u Ă Z n`1 ě0 be the standard basis of R n`1 . Let us write the convergent power series g 1 , . . . , g l P Ctx 1 , ..., x n`1 u as gpxq " ÿ αPZ a α x α , Z :" Z n`1 ě0 ztou, in the multi-index notation. The Newton polyhedron Γ`pgq is the convex hull of the set Ť αPSupppgq pα`R n ě0 q, where Supppgq (short for "the support of g") is defined by Supppgq :" tα | a α ‰ 0u. The Newton boundary of Γ`pgq, denoted by Γpgq, is the union of the compact faces of Γ`pgq. We will say that gpxq " ř αPZ a α x α , Z :" Z n`1 ě0 ztou, is non-degenerate with respect to its Newton boundary (or Newton non-degenerate) if for every compact face γ of the Newton polyhedron Γ`pgq the polynomial g γ " ř αPγ a α x α does not have singularities in pC ‹ q n`1 . We say that a deformation of F of f is non-degenerate if the neighborhood Ω of o in C m can be chosen so that for all s 1 P Ω the germ F s 1 is nondegenerate with respect to its Newton boundary ΓpF s 1 q.
1.0.2. Preliminaries on Simultaneous Embedded Resolutions. Let us keep the notation from the previous section. We denote S :" C m o , and W the deformation of V given by F . Then we have the following commutative diagram:
/ / S where the morphism ̺ is flat. We use the notation W s 1 :" ̺´1ps 1 q, s 1 P S.
In what follows we will define what we mean by Simultaneous Embedded Resolution of W .
We consider a proper bimeromorphic morphism ϕ : Č C n`1 oˆS Ñ C n`1 oˆS such that Č C n`1 oˆS is formally smooth over S, and we denote by Ă W s and Ă W t the strict and the total transform of W in Č C n`1 oˆS , respectively. 
biholomorphic onto its image, such that Ă W t X U is defined by the ideal φ ‹ I, where I "`y a 1 1¨¨¨y a n`1 n`1˘, y 1 , ...y n`1 is a coordinate system at o in C n`1 0 and the a i are non-negative integers. If p P Ă W s , we require that a n`1 " 1 and that Ă W s X U be defined by the ideal φ ‹ I 1 , where I 1 " py n`1 q.
Definition 1.3. We will say φ is a simultaneous embedded resolution if, in the above notation, the morphism Ă W s Ñ W is a very weak simultaneous resolution and Ă W t is a normal crossing divisor relative to S.
Let us recall that W is defined by
where h i P O s m , m ě 1, and g i P O x n`1 such that h i poq " g i poq " 0. Let ǫ ą 0 (resp. ǫ 1 ą 0) be small enough so that f, g 1 , ..., g l (resp. h 1 , ..., h l ) are defined in the open ball B ǫ poq Ă C n`1 (resp. B ǫ 1 poq Ă C m ), and the singular locus of W is touˆB ǫ 1 poq. We will say that the deformation of W is topologically trivial if, in addition, there exists a homeomorphism ξ that commutes with the projection
ǫ 1 poq, where V 1 :" ξpV q, that is to say, ξ trivializes W . The following Proposition relates Simultaneous Embedded Resolutions, topologically trivial deformations and µ-constant deformations.
Proposition 1.4. Let V and W be as above. Assume that W admits a simultaneous embedded resolution. Then:
(1) The deformation W is topologically trivial.
(2) The deformation W is µ-constant.
Proof. The Milnor number µ is a topological invariant, hence p1q implies p2q.
As W admits a simultaneous embedded resolution, there exists a proper bimeromorphic morphism ϕ :
is formally smooth over S and W t is a normal crossing divisor relative to S. In the topological context this translates into the existence of a proper bimeromorphic morphism ϕ : Č B ǫ poqˆB ǫ 1 poq Ñ B ǫ poqˆB ǫ 1 poq such that for all p P ϕ´1poq there exists ǫ 2 ą 0, and a diffeomorphism
Using partitions of unity and the projection ξ, we obtain the desired trivialization. 1.0.3. On the main result of the article. Keep the notation of the previous sections. Recall that W is a deformation of V over S :" C m o given by F . In the article [Oka89] the author proves that if W is a non-degenerate µconstant deformation of V that induces a negligible truncation of the Newton boundary then W admits a very weak simultaneous resolution. However if the method of proof used is observed with detail, what is really proved is that W admits a simultaneous embedded resolution in the special case when n " 2, l " m " 1, h 1 psq " s and g 1 pxq is a monomial in x. Intuitively one might think that the condition that W admit a simultaneous embedded resolution is more restrictive than the condition that W is a µ-constant deformation. However, this intuition is wrong in the case of Newton nondegenerate µ-constant deformations. More precisely, in this article we prove the following result:
Theorem. Assume that W is a Newton non-degenerate deformation. Then the deformation W is µ-constant if and only if W admits a simultaneous embedded resolution.
Observe that if W admits a simultaneous embedded resolution it follows directly from Proposition 1.4 that W is a µ-constant deformation. The converse of this is what needs to be proved.
From the above theorem and Proposition 1.4 we obtain the following corollary.
Corollary 1.5. Let W be a Newton non-degenerate µ-constant deformation. Then W is topologically trivial.
The result of the corollary is already known (see [Abd16] ). In the general case, for n ‰ 2 it is known that if W is a µ-constant deformation, then the deformation W is topologically trivial, (see [LDR76] ). The case n " 2 is a conjecture (the Lê-Ramanujan conjecture).
The theorem has an interesting implication to spaces of m-jets. Let K be a field and Y a scheme over K. We denote by Y´Sch (resp. Set) the category of schemes over Y (resp. sets), and let X be a Y -scheme. It is known that the functor Y´Sch Ñ Set : Z Þ Ñ Hom Y pZˆK Spec Krts{pt m`1 q, Xq, m ě 1, is representable. More precisely, there exists a Y -scheme, denoted by XpYq m , such that Hom Y pZˆK Spec Krts{pt m`1 q, Xq -Hom Y pZ, XpYq m q for all Z in Y´Sch. The scheme XpYq m is called the space of m-jets of X relative to Y . For more details see [Voj07] or [LA18] . Let us assume that Y is a reduced K-scheme, and let Z be a Y -scheme. We denote by Z red the reduced Y -scheme associated to Z.
Corollary 1.6. Let S " C 0 and let W be a non-degenerate µ-constant deformation. The structure morphism pWpSq m q red Ñ S is flat for all m ě 1.
Proof. By the previous theorem W admits an embedded simultaneous resolution. Hence the corollary is an immediate consequence of Theorem 3.4 of [LA18] .
Finally, we comment on the organization of the article. In section 2 we study geometric properties of pairs of Newton polyhedra that have the same Newton number. This will allow us to construct the desired simultaneous resolution. In section 3 we prove the main result of the article. Finally, in section 4 we study properties of degenerate µ-constant deformations.
Preliminaries on Newton Polyhedra
In this section we study geometric properties of pairs of Newton Polyhedra having the same Newton number, one contained in the other.
Given an affine subspace H of R n , a convex polytope in H is a non-empty set P given by the intersection of H with a finite set of half spaces of R n . In particular, a compact convex polytope can be seen as the convex hull of a finite set of points in R n . The dimension of a convex polytope is the dimension of the smallest affine subspace of R n that contains it. We will say that P is a polyhedron (resp. compact polyhedron) if P can be decomposed into a finite union of convex (resp. compact convex) polytopes. We will say that P is of pure dimension n if P is a finite union of n-dimensional convex polytopes. An n-dimensional simplex ∆ is a compact convex polytope generated by n`1 points of R n in general position. Given an n-dimensional compact polyhedron P Ă R n ě0 , the Newton number of P is defined by
where V n pP q is the volume of P , V k pP q, 1 ď k ď n´1, is the sum of the k-dimensional volumes of the intersection of P with the coordinate planes of dimension k, and V 0 pP q " 1 (resp. V 0 pP q " 0 ) if o P P (resp. o R P ), where o is the origin of R n .
Let I Ă t1, 2, ..., nu. We define the following sets:
Given a polyhedron P in R n , we write P I :" P X R I . Consider an ndimensional simplex ∆ Ă R n ě0 . A full supporting coordinate subspace of ∆ is a coordinate subspace R I Ă R n such that dim ∆ I " |I|. In the article [Fur04] the author proves that there exists a unique full-supporting coordinate subspace of ∆ of minimal dimension. We will call this subspace the minimal full-supporting coordinate subspace of ∆. We denote by VerpP q the set of vertices of P .
The next result gives us a way of calculating the Newton number of certain polyhedra using projections.
ě0 be a compact polyhedron that is a finite union of n-simplices ∆ i , 1 ď i ď m, that satisfy
Assume that there exists I Ă t1, 2, ..., nu such that R I is the minimal fullsupporting coordinate subspace of ∆ i and P I " ∆ I i for all 1 ď i ď m. Then νpP q " |I|!V |I|`P I˘ν pπ I pPwhere π I : R n Ñ R I is the projection map.
Let E :" te 1 , e 2 , ..., e n u Ă Z n ě0 be the standard basis of R n . Let P Ă R n ě0 be a polyhedron of pure dimension n. Consider the following conditions:
(1) o P P (2) P J is topologically equivalent to a |J|-dimensional closed disk for each J Ă t1, ..., nu.
(3) Let I Ă t1, ..., nu be a non-empty subset. If pα 1 , .., α n q P VerpP q then for each i P I we must have either α i ě 1 or α i " 0 (recall that the α i are real numbers that need not be integers). We will say that P is pre-convenient (resp. I-convenient) if it satisfies (1) and (2) (resp. (1), (2), and (3)). In the case when I :" t1, ..., nu we will simply say that P is convenient instead of I-convenient.
Given a discrete set S Ă R n ě0 ztou, denote by Γ`pSq the convex hull of the set Ť αPS pα`R n ě0 q. The polyhedron Γ`pSq is called the Newton polyhedron associated to S. The Newton boundary of Γ`pSq, denoted by ΓpSq, is the union of the compact faces of Γ`pSq. Let VerpSq :" VerpΓpSq) denote the set of vertices of ΓpSq.
We say that the discrete set S Ă R n ě0 ztou is pre-convenient (resp. Iconvenient) if Γ´pSq :" R n ě0 zΓ`pSq is pre-convenient (resp. I-convenient). The Newton number of a pre-convenient discrete set S Ă R n ě0 ztou is νpSq :" νpΓ´pSqq.
Note that this number can be negative.
In the case of Newton polyhedra condition p1q holds automatically and condition (2) can be replaced by the following:
(2 1 ) For each e P E there exists m ą 0 such that me P VerpSq. Consider a convergent power series g P Ctx 1 , ..., x n u:
We define Γ`pgq " Γ`pSupppgqq and Γpgq " ΓpSupppgqq. We say that g is a convenient power series if for all e P E there exists m ą 0 such that me P Supppgq. Observe that the discrete set Supppgq is convenient if and only if the power series g is convenient. We will use the following notation: Verpgq :" VerpSupppgqq, and νpgq " νpSupppgqq.
Theorem 2.2. ([Fur04]) Let P 1 Ă P be two convenient polyhedra. We have νpP q´ν pP 1 q " ν´P zP 1¯ě 0, and ν pP 1 q ě 0.
Corollary 2.3.
(1) Let S and S 1 be two convenient discrete subsets of R n ě0 ztou, and suppose that Γ`pSq Ĺ Γ`pS 1 q. We have 0 ď νpSq´ν pS 1 q " ν´Γ´pSqzΓ´pS 1 q¯.
(2) Let S, S 1 , and S 2 be three convenient discrete subsets of R n ě0 ztou such that their Newton polyhedra satisfy Γ`pSq Ă Γ`pS 1 q Ă Γ`pS 2 q and νpSq " νpS 2 q. Then νpSq " νpS 1 q " νpS 2 q.
For a set I Ă t1, ..., nu, we write I c :" t1, ..., nuzI. The following result gives us a criterion for the positivity of the Newton number of certain polyhedra.
Proposition 2.4. Let o R P be a compact polyhedron of pure dimension n such that there exists I Ă t1, ..., nu such that dim`P J˘ă |J| (resp. dim`P J˘" |J|) for all I Ć J (resp. I Ă J). Assume that if pβ 1 , .., β n q P VerpP q then for each i P I c we have β i ě 1 or β i " 0. Then νpP q ě 0.
Proof. Observe that the condition dim`P J˘" |J| for all I Ă J is equivalent to saying that given α P`P I˘˝, there exists ǫ ą 0 such that B ǫ pαqXR n ě0 Ă P , where`P I˘˝i s the relative interior of
.., nu. Let us consider a set ΣpI, P q of n-simplices that satisfies the following four conditions.
(1) For all ∆ P ΣpI, P q, Verp∆q Ă VerpP q.
(2) Given ∆, ∆ 1 P ΣpI, P q, then dimp∆ X ∆ 1 q ă n if ∆ ‰ ∆ 1 .
(3) For each ∆ P ΣpI, P q its minimal full-supporting coordinate subspace is R I . (4) The |I|-simplices ∆ I , ∆ P ΣpI, P q, define a subdivision of pP I q˝. Note that ΣpI, P q is a finite set. Enlarging ΣpI, P q, if necessary, we may assume that it is maximal in the sense that there does not exist an n-simplex ∆ R ΣpI, P q such that ΣpI, P q Y t∆u satisfies the above conditions (1)-(4). Let us consider the set Σ I :" t∆ I : ∆ P ΣpI, P qu.
Given σ P Σ I , let Cpσq :" t∆ P ΣpI, P q : ∆ I " σu. Consider the closed set Z σ :" Ť ∆PCpσq ∆. We know that given α P`P I˘˝t here exists ǫ ą 0 such
Then, as ΣpI, P q is maximal, we can suppose that there exists ǫ ą 0 (small enough) such that R n ě0 X B ǫ pαq Ă Z σ . Additionally, for all pβ 1 , .., β n q P VerpP q, we have β i ě 1 or β i " 0 if i P I c . This implies that π I pZ σ q is a convenient polyhedron in R I , with which it is obtained that νpπ I pZ σě 0 (see Theorem 2.2). Now using Proposition 2.1 we obtain νpZ σ q " |I|!V |I| pσqνpπ I pZ σě 0.
Let P 1 :" P zp Ť σPΣ I Z σ q, then νpP q :" νpP 1 q`ř σ νpZ σ q. If P 1 " H, then νpP q ě 0. Let us suppose that P 1 is not empty. If |I| " n´1, then νpP 1 q " n!V n pP 1 q ą 0, which proves the Proposition in this case. Let us assume that for all I Ă t1, ..., nu such that |I| ą r the Proposition holds.
We must prove that it is true for I Ă t1, ..., nu such that |I| " r. Consider the set
Observe that if I 1 P IpP 1 q, then I Ĺ I 1 , which implies that dim P J 1 " |J| for all J Ą I 1 . Then we can consider a partial subdivision tQ pI 1 ,1q : I 1 P IpP 1 qu of P 1 which satisfies:
., β n q P VerpQ pI 1 ,1q q, then for each i P pI 1 q c we have that β i ě 1 or β i " 0.
By the induction hypothesis νpQ pI 1 ,1ě 0. We define:
We can apply this process so many times until P l`1 " H. Then:
Let S and S 1 be two discrete subsets of R n ě0 zt0u such that Γ`pSq Ă Γ`pS 1 q. We define VerpS 1 , Sq :" VerpS 1 qz VerpSq. The following result tells us where the vertices VerpS 1 , Sq are found.
Proposition 2.5. Let S, S 1 be two convenient discrete subsets of R n ě0 ztou. Suppose that Γ`pSq Ĺ Γ`pS 1 q and νpSq " νpS 1 q. Then VerpS 1 , Sq Ă pR n ě0 zR n ą0 q.
Proof. Let us suppose that VerpS 1 , Sq Ć pR n ě0 zR n ą0 q. Let W " VerpS 1 , Sq X pR n ě0 zR n ą0 q and α P VerpS 1 , SqzW . Let us consider S 2 :" S Y tαu. As the discrete sets S, S 1 , and S 2 ares convenient and Γ`pSq Ă Γ`pS 2 q Ă Γ`pS 1 q, we obtain νpS 2 q " νpSq " νpS 1 q (see Corollary 2.3). This is a contradiction. In effect, let us recall that the Newton number is defined as
where V k :" V k pΓ´pSqq and V 2 k :" V k pΓ´pS 2are the k-dimensional Newton volumes of Γ´pSq and Γ´pS 2 q respectively. By construction V 2 n ă V n and V 1 k " V k , 1 ď k ď n´1, which implies that νpS 2 q ă νpSq.
If we suppose that νpS 1 q " νpSq, it is not difficult to verify that this equality is not preserved by homothecies of R n ě0 . The following result allows us to realize, under certain conditions, partial homothecies of R n ě0 which maintain the equality of the Newton numbers.
Let us consider DpS, S 1 q " tI Ă t1, 2, ..., nu : Γ´pSq X R I ‰ Γ´pS 1 q X R I u and IpS, S 1 q " č IPDpS,S 1 q I. It may happen that
Proposition 2.6. Let S, S 1 Ă R n ě0 ztou be two pre-convenient discrete sets such that Γ`pSq Ă Γ`pS 1 q. Suppose that t1, 2, .., ku Ă IpS, S 1 q, and consider the application
Then νpϕ λ pS 1 qq´νpϕ λ pSqq " λ k pνpS 1 q´νpSqq.
Proof. We will use the notation V m pSq :" V m pΓ´pSqq. Recall that
where Vol m p¨q is the m-dimensional volume. Let J " t1, 2, ..., ku. Observe that if J Ć I, then
In particular, if m ă k we have that V m pϕ λ pSqq " V m pϕ λ pS 1 qq. Let us suppose that m ě k. Then:
From this we obtain that V m pϕ λ pS 1 qq´V m pϕ λ pSqq " λ k pV m pS 1 q´V m pSqq and νpϕ λ pS 1 qq´νpϕ λ pSqq " λ k pνpS 1 q´νpSqq.
The following corollary is an analogue of the Proposition 2.5 in the preconvenient case.
Corollary 2.7. Let S Ă R n ě0 ztou be a pre-convenient discrete set, and α P R n ą0 , such that Γ`pSq Ĺ Γ`pSpαqq. Then νpSpαqq ă νpSq. Proof. Observe that there exists λ ą 0 such that the discrete sets ϕ λ pSq, ϕ λ pSpαqq are convenient where ϕ λ is a homothety. As IpS, Spαqq " t1, ..., nu, we have νpϕ λ pSqq´νpϕ λ pSpαqq " λ n pνpSq´νpSpαqq (see Proposition 2.6). By Theorem 2.2, we have νpSpαqq ď νpSq. If νpSpαqq " νpSq then νpϕ λ pSqq " νpϕ λ pSpαqq. This contradicts Proposition 2.5.
Corollary 2.8. Let S, S 1 , and S 2 be three I c -convenient discrete sets such that Γ`pSq Ă Γ`pS 1 q Ă Γ`pS 2 q. Suppose that
Then νpSq ě νpS 1 q ě νpS 2 q.
Proof. Suppose that I " t1, ..., ku. As S, S 1 , and S 2 are I c -convenient there exists ϕ λ px 1 , .., x n q " pλx 1 , .., λx k , x k`1 , ..., x n q, λ ą 0, such that the discrete sets ϕ λ pSq, ϕ λ pS 1 q, and ϕ λ pS 2 q are convenient.
As I Ă IpS, S 1 q X IpS 1 , S 2 q, we have νpϕ λ pSqq´νpϕ λ pS 1" λ k pνpSq´νpS 1 qq, and νpϕ λ pS 1 qq´νpϕ λ pS 2" λ k pνpSq´νpS 2 qq. By Theorem 2.2, we obtain 0 ď νpSq´νpS 1 q and 0 ď νpS 1 q´νpS 2 q.
Given I Ă t1, 2, ..., nu, let R I ą0 :" tpx 1 , x 2 , ..., x n q P R I :
be a discrete set, and α P R I ą0 such that the Newton polyhedra Γ`pSq Ĺ Γ`pSpαqq.
Let E α be an edge of ΓpSpαqq such that α is one of its endpoints. Given
we will say that E α is pI, Jq-convenient if β :" pβ 1 , ..., β n q P pE α X VerpSqq, then β i ě 1 for all i P JzI, and β i " 0 for all i P J c . We will say that E α is strictly pI, Jq-convenient if E α is pI, Jq-convenient and if β P pE α X VerpSqq, then there exists i P JzI such that β i ą 1.
The following proposition allows us to lift vertices.
Proposition 2.9. Let S Ă R n ě0 zt0u be a I c -convenient discrete set, I Ĺ J Ă t1, ..., nu, and α P R I ą0 such that Γ`pSq Ĺ Γ`pSpαqq, and νpSpαqq " νpSq. Suppose that some of the following conditions are satisfied:
(1) α 1 P Γ`pSpαqzΓ`pSq X R I .
(2) Let us suppose that there exists an edge, E α , strictly pI, Jq-convenient, and α 1 P Γ`pSpαqzΓ`pSq X R J ą0
Then νpSpα 1" νpSq.
Proof. Let us suppose that α 1 P Γ`pSpαqqzΓ`pSq X R I . Without loss of generality we may assume that Γ`pSq Ĺ Γ`pSpα 1Ĺ Γ`pSpαqq.
Observe that the discrete sets S, Spα 1 q, and Spαq are I c -convenient and I Ă IpS, Spα 1X IpSpα 1 q, Spαqq.
Using Corollary 2.8, we have νpSq " νpSpα 1" νpSpαqq. This completes the proof in Case p1q.
Let β :" pβ 1 , ., , , β n q P E α X VerpSq. Let E 1 Ă E α be the line segment with endpoints α and β. Without loss of generality we can suppose that E 1 X VerpSq " tβu. As E α is strictly pI, Jq-convenient, there exists i P JzI such that β i ą 1. Let δ ą 0 be very small such that β i´δ ě 1, and β 1 P R I ě0 such that γ :" β´δe i`β 1 P ΓpSpαqq X R J ą0 . Then Γ`pSq Ĺ Γ`pSpγqq Ĺ Γ`pSpαqq.
Observe that the discrete sets S, Spγq, and Spαq are I c -convenient and I Ă IpS, Spγqq X IpSpγq, Spαqq.
Then νpSpγqq " νpSpαqq " νpSq.
If α 1 P Γ`pSpγqqzΓ`pSq X R J , we have
The discrete sets S, Spα 1 q, and Spγq are J c -convenient and J Ă IpS, Spα 1 qqX IpSpα 1 q, Spγqq. Then νpSpα 1" νpSpγqq " νpSq.
We still need to study the case α 1 P pΓ`pSpαqqzΓ`pSpγX R J ą0 .
Consider the compact set C :" pΓ`pSpα 1 qqzΓ`pSqq X R J , and the map
Then each V m pSpτis continuous in τ P C, which implies that the function ν S is continuous in C.
Let us consider α 1 P pΓ`pSpαqqzΓ`pSpγX R J ą0 such that α 1 R ΓpSpαqq. Let us suppose that ν S pα 1 q " νpSpα 1‰ νpSq. Let us consider the set C :" tτ P C : ν S pτ" ν S pα 1 qqu. The continuity of ν S implies that C is compact. We define the following partial order on C. For τ, τ 1 P C we will say that τ ď τ 1 if Γ`pSpτ 1Ă Γ`pSpτ qq. Let us consider an ascending chain τ 1 ď τ 2 ď¨¨¨ď τ n ď¨¨Ẅ e will prove that this chain is bounded above in C. Let us consider the convex closed set Γ " č iě1 Γ`pSpτ i qq.
As C is compact, the sequence tτ 1 , τ 2 , ..., τ n , ...u has a convergent subsequence tτ i 1 , τ i 2 , ..., τ in , ...u. Observe that
where τ :" lim nÑ8 τ in P C. By definition Γ Ă Γ`pSpτ qq, and by construction for each i ě 1, there exists n ě 1 such that Γ`pSpτ inĂ Γ`pSpτ i qq. Then Γ " Γ`pSpτ qq, which implies that τ i ď τ for all i ě 1. By Zorn's lemma C contains at least one maximal element. Let τ P C be a maximal element.
Recall that we consider α 1 R ΓpSpαqq, and we made the assumption that νpSpα 1‰ νpSq, then τ R pΓ`pSpγqqzΓ`pSq Y ΓpSpαX R J .
Observe that there exists a relatively open subset Ω of the relative interior of Γ`pSpαqqzΓ`pSq X R I such that for all α 2 P Ω we have Γ`pSq Ă Γ`pSpα 2Ă Γ`pSpγ, α 2Ă Γ`pSpαqq.
As the discrete sets S, Spα 2 q, and Spγ, α 2 q are I c -convenient and I Ă IpSpα 2 q, Spγ, α 2X IpSpγ, α 2 q, Spαqq, we obtain νpSpγ, α 2" νpSpα 2" νpSq.
As τ R pΓ`pSpγqqzΓ`pSqq Y ΓpSpαqq X R J , there exists an open set Ω 1 Ă Ω such that τ belongs to the relative interior of pΓ`pSpγ, α 2 qqzΓ`pSpα 2X R J for all α 2 P Ω 1 . We obtain Γ`pSpα 2Ř Γ`pSpτ, α 2Ř Γ`pSpγ, α 2 qq.
The discrete sets Spα 2 qq, Spτ, α 2 q, and Spγ, α 2 q are J c -convenient, and J Ă IpSpα 2 q, Spτ, α 2X IpSpτ, α 2 q, Spγ, α 2 qq.
Hence νpSpτ, α 2" νpSpα 2 q " νpSq. We choose α 2 P Ω 1 such that for each edge E τ of ΓpSpτthat connects τ with a vertex in VerpΓpSqq we have dimpE τ X ΓpSpα 2" 0. In other words, no subsegment of E τ is contained in the Newton boundary ΓpSpα 2 qq.
Let us consider the compact polyhedron P :" pΓ`pSpτ, α 2 qzΓ`pSpα 2 qq. Observe that νpP q " 0 (see Theorem 2.2).
Given the choice of α 2 , there exists τ 1 P P such that Γ`pSpτ 1Ĺ Γ`pSpτ qq, and Q 0 :" pΓ`pSpτ qqzΓ`pSpτ 1Ă P (It is in this last inclusion where the choice of α 2 is really important).
Let Q 1 :" P zQ 0 . By definition νpP q " νpQ 0 q`νpQ 1 q. By Proposition 2.4 we have νpQ 0 q ě 0, νpQ 1 q ě 0, and as νpP q " 0, we obtain that νpQ 0 q " νpQ 1 q " 0. Then τ ă τ 1 , which is a contradiction because τ is maximal. As a consequence we obtain that νpSpα 1" νpSq. Now let us suppose that α 1 P ΓpSpαqq X R J ą0 , and let v P R J ą0 . For ǫ ą 0 small enough α ǫ :" α 1`ǫ v belongs to the relative interior of Γ`pSpα 1 qqzΓ`pSq. For the continuity of ν S in C :" pΓ`pSpα 1 qqzΓ`pSqq X R J we obtain that lim ǫÑ0 ν S pα ǫ q " νpSpα 1 qq, which implies that νpSpα 1" νpSq.
Corollary 2.10. Let I Ĺ J :" t1, ..., nu. Let S, S 1 Ă R n ě0 ztou be two convenient discrete sets such that Γ`pSq Ĺ Γ`pS 1 q, and νpSq " νpS 1 q. Suppose that there exists α P VerpS 1 , Sq X R I ą0 , and an edge, E α , of ΓpSq that is pI, Jq-convenient. Then there exists pβ 1 , ..., β n q P VerpSq X E α such that β i " 1 for all i P I c .
Proof. Let R :" VerpS 1 , Sqztαu, and SpRq " S Y R. The discrete sets S, SpRq, and S 1 are convenient, and Γ`pSq Ă Γ`pSpRqq Ĺ Γ`pS 1 q. Then νpSpRqq " νpS 1 q. If the edge E α is strictly pI, Jq-convenient, then for Proposition 2.9, for all α 1 P Γ`pSpαqzΓ`pSq X R n ą0 we have νpSpRqq " νpSpR Y tα 1 uqq, which contradicts Proposition 2.5.
The following Proposition allows us to fix a hyperplane coordinate and allows us to have information on all the edges not contained in the hyperplane that contains a vertex of interest in the hyperplane.
Proposition 2.11. Let S, S 1 Ă R n ě0 ztou be two convenient discrete sets such that Γ`pSq Ĺ Γ`pS 1 q, and νpSq " νpS 1 q. Let us suppose that α P VerpS 1 , Sq X R I ą0 , I Ĺ t1, .., nu. Then there exists i P I c such that for all edges E α of ΓpS 1 q not contained in R tiu there exists pβ 1 , ..., β n q P VerpSqXE α such that β i " 1.
Proof. First we will prove the following lemma:
Lemma 2.12. Let S Ă R n ě0 ztou be a I c -convenient discrete set and α P R I ą0 , I Ă t1, .., nu, such that νpSq " νpSpαqq. Then there exists i P I c such that for each edge E α of ΓpSpαqq not contained in R tiu there exists pβ 1 , ..., β n q P VerpSq X E α such that β i " 1.
Proof of the lemma. By Corollary 2.7, we have |I| ă n. Let k :" |I| ă n be the greatest positive integer such that the Lemma is false. In other words, for all i P I c there exists an edge, E α , not contained in R tiu such that for all pβ 1 , ..., β n q P VerpSq X E α we have β i ą 1. Let J Ă t1, ..., nu be a set of the smallest cardinality such that E α Ă R J . Then E α is a strictly pI, Jq-convenient edge. Using Proposition 2.9 we obtain that for all α 1 P Γ`pSpαqzΓ`pSq X R J ą0 we have νpSpα 1" νpSq. Now let us choose α 1 sufficiently close to α such that for each edge E α 1 of ΓpSpα 1 qq, and β P E α 1 XVerpSq, there exists an edge E α of ΓpSpαqq such that β P E α . Then the discrete sets S, Spα 1 q are J c -convenient and also do not satisfy the lemma, which is a contradiction, since |J| ą k.
The proof is by induction on the caridinality of VerpS 1 , Sq. The previous Lemma implies that the Proposition is true for | VerpS 1 , Sq| " 1. Let us assume that the proposition is true for all S, S 1 such that | VerpS 1 , Sq| ď m´1.
Let S, S 1 with | VerpS 1 , Sq| " m ě 2 such that the Proposition is false. Then there exists α P VerpS 1 , Sq such that for each i P I c there exists an edge E α of Γ`pS 1 q, not contained in R tiu , that satisfies one of the following conditions:
(1) for all pβ 1 , ..., β n q P VerpSq X E α we have β i ą 1 (2) we have VerpSq X E α " H. take α 1 P VerpS 1 , Sqztαu. Then | VerpS 1 , Spα 1 qq| " m´1 and by Corollary 2.8 we have νpSpα 1" νpS 1 q.
Let us suppose that there exists i P I c for which p1q is satisfied. Observe that if α 1 P E α , then α 1 R VerpS 1 q, which is a contradiction. If α 1 R E α , the polyhedra of Γ`pSpα 1Ř Γ`pS 1 q do not satisfy the Proposition, which contradicts the induction hypothesis.
Let us suppose that there exists i P I c for which p2q is satisfied. Then E α X VerpS 1 , Sq " tα, α 1 u. If for α 1 " pα 1 1 , ..., α 1 n q we have α 1 i ą 1, then the Newtons polyhedra Γ`pSpα 1Ř Γ`pS 1 q do not satisfy the Proposition and p1q holds for i, which is a contradiction. Let us suppose that α 1 i " 1, and let ǫ ą 0 such that α 1 ǫ :" α 1`ǫ e i P pΓ`pS 1 qzΓ`pSqq and R :" pVerpS 1 , Sqztα 1 uq Y tα 1 ǫ u. Then Γ`pSq Ĺ Γ`pSpα 1 ǫĹ Γ`pSpRqq Ĺ Γ`pS 1 q. The discrete sets S, Spα 1 ǫ q, SpRq, and S 1 are convenient, we have νpSpα 1 ǫ" νpSpRqq " νpSq. Let us assume that ǫ is small enough so that there exists an edge E 1 α Q α of ΓpSpRqq such that α 1 ǫ P E 1 α . Then the Newton polyhedra Γ`pSq Ř Γ`pSpRqq satisfy the preceding case, which completes the proof of the Proposition.
Corollary 2.13. Let S, S 1 Ă R n ě0 ztou be two convenient discrete sets such that Γ`pSq Ĺ Γ`pS 1 q, and νpSq " νpS 1 q. Let us suppose that α P VerpS 1 , SqX R I ą0 . Then there exists i P I c , an edge E α of ΓpS 1 q, and pβ 1 , ..., β n q P E α X VerpSq, such that β j " δ ij , j P I c where δ ij is the Kronecker delta.
Proof. By Proposition 2.11 there exists i P I c such that for all edges, E α , of ΓpS 1 q not contained in R tiu , there exists pβ 1 , ..., β n q P VerpSq X E α such that β i " 1. The discrete set S is convenient, then there exists m ą 1 such that me i P VerpSq. Then there exists one of the edges E α contained in R J , J " I Y tiu.
To finish this section we will recall a result that relates the Milnor number to the Newton number.
If the power formal g is not convenient, we can define the Newton number of g (νpgq could be 8) in the following way. Let E 1 Ă E such that there does not exist m P Z ą0 , such that me P Verpgq. We define the Newton number of g:
where E 1 m :" tme : e P E 1 u. Example 1. Consider the following families of non-degenerate deformations F λ px, y, z, sq :" x 5λ`y7λ z`z 15`y8λ`s x λ y 6λ , λ ě 1.
Observe that F 1 is the µ-constant deformation of Briançon-Speder (convenient version), see [BS75] . By virtue of Theorem 2.14 and Proposition 2.6, for each λ ě 1 the deformation F λ is non-degenerate and µ-constant.
Characterization of Newton non-degenerate µ-constant deformations
First let us recall some information regarding the Newton fan and toric varieties. Given S Ă Z n`1 ě0 ztou, consider the support function h Γ`pSq : ∆ Ñ R; α Þ Ñ h Γ`pSq pαq :" inftxα, py | p P Γ`pSqu, where ∆ :" R n`1 ě0 is the standard cone. Let 1 ď i ď n, and let F be an i-dimensional face of the Newton polyhedron Γ`pSq. The set σ F :" tα P ∆ : xα, py " h Γ`pSq pαq, @p P F u is a cone, and Γ ‹ pSq :" tσ F : F is a face of Γ`pSqu is a subdivision of the fan ∆ (by abuse of notation we will denote for ∆ the fan induced by the standard cone ∆). The fan Γ ‹ pSq is called the Newton fan of S. Let ∆ 1 ň ∆ be a strict face of the standard cone ∆ , and p∆ 1 q˝is the interior relative to ∆ 1 . Observe that if there exists α P p∆ 1 q˝such that h Γ`pαq " 0, then ∆ 1 is a cone of the fan Γ ‹ pSq. We will say that Σ is an admissible subdivision of Γ ‹ pSq if Σ is a subdivision that preserves the previous property, which is to say that if there exists α P p∆ 1 qs uch that h Γ`pSq pαq " 0, then ∆ 1 P Σ. In the case that the discrete set S is convenient, an admissible subdivision of Γ ‹ pSq is a fan where there are not subdivisions of the strict faces of ∆.
Given a fan Σ, we denote X Σ the toric variety associated to the fan Σ. Given σ P Σ, we denote X σ as the open affine of X Σ associated to the cone σ. Let Σ 1 be a subdivision of Σ, it is known that there exists a proper, birational and equivariant morphism,π : X Σ 1 Ñ X Σ , induced by the subdivision. Given σ 1 P Σ 1 , we denote π σ 1 :" π| X σ 1 . Now we will use the notations from Section 1.0.1. Let V be a hypersurface of C n`1 o , provided by a unique isolated singularity at the point o. Let us suppose that V is given by the equation f pxq " 0, where f P O x n`1 is irreducible, and let ̺ : W Ñ C m 0 be a deformation of V given by F px, sq P Ctx 1 , ..., x n`1 , s 1 , ..., s m u.
Without loss of generality we can suppose that the germs of analytic function f are convenient. In effect the Milnor number, µpf q :" dim C O x n`1 {Jpf q, is finite, then for each e P E there exists m ąą 0 such that x me belongs to the ideal Jpf q, which implies that the singularity of f and of f`x me have the same analytic type.
In the rest of the section let us suppose that Γ`pF s q ‰ Γ`pf q. In particular VerpF s q ‰ Verpf q. Additionally let us suppose that f and F s , s P C m o are convenient.
Let Σ be an admissible subdivision of Γ ‹ pF s q (not necessarily regular), and we denote π : X Σ Ñ C n`1 morphism given by the subdivision of ∆. Using the morphism C n`1 o Ñ C n`1 we can consider the base change of π, and X Σ to the base C n`1 o . By abuse of notation we will note for π : X Σ Ñ C n`1 0 the base change morphism.
Let morphism ϕ : X ΣˆC Proposition 3.1. Let s be the generic point of C m o , and let us suppose that νpF s q " νpf q. Then there exists an admissible subdivision, Σ, of Γ ‹ pF s q, such that for each α P VerpF s , f q, the fan Σ defines a subdivision, tσ 1 α , ...., σ r α u, regular to σ α , such that Ă W t X X σ i α is a normal crossings divisor relative to C m o for i P t1, ..., ru. Remark 2. Observe that we are not requesting that f or F be non-degenerate, or that Σ be a regular subdivision of Γ ‹ pF s q.
Proof. Let us recall that E :" te 1 , e 2 , ..., e n`1 u Ă Z n`1 ě0 is the standard basis of R n`1 . First we will construct a simplicial subdivision of Γ ‹ pF s q. Let Γ ‹ pF s qpjq be the set of all the j-dimensional cones of Γ ‹ pF s q. Let us consider a compatible simplicial subdivision, ΣS, of n Ť j"1 Γ ‹ pF s qpjq, such that if σ 1 is a simplicial j-dimensional cone of Γ ‹ pF s qpjq, 1 ď j ď n, then σ 1 P ΣS and ΣSp1q " Γ ‹ pF s qp1q, where ΣSp1q is the set of all the 1-dimensional cones of ΣS. Let α P VerpF s , f q, and σ α P Γ ‹ pF s q. By Propositions 2.5 and 2.11, there exists I Ř t1, ..., n`1u, and i P I c such that α P R I ą0 , and for all edges, E α Q α, of ΓpF s q not contained in R tiu there exists pβ 1 , ..., β n`1 q P VerpF s q X E α such that β i " 1. Additionally e i P E, is an extremal vector of σ α . Let us consider the following simplicial subdivision of σ α : Σ s pσ α q :" tConepe i , τ q : τ P ΣS and τ Ă σ α u Y tτ P ΣS : τ Ă σ α u, where cone Conept¨uq is the cone generated by t¨u. Given α P VerpF s qz VerpF s , f q, let Σ s pσ α q be an arbitrary simplicial subdivision of σ α that is compatible with ΣS. Then Σ s :" Ť αPVerpFsq Σ s pσ α q is a simplicial subdivision of Γ ‹ pF s q.
As F s is convenient, the faces of σ α , α P VerpF s q, contained in a coordinate plane are simplicial cones, then Σ s is an admissible subdivision. Now we will define a subdivision of Σ s to obtain the sought after fan. Let α P VerpF s , f q. By abuse of notation we will denote for σ α a cone in Σ s pσ α qpn`1q. Without loss of generality we can suppose i " n`1, in this manner we have that σ α " Conepe n`1 , τ q with τ P ΣS. We denote H 0 " R tn`1u X Γ`pF s q and H 1 ,....,H n the n-dimensional faces of Γ`pF s q that define σ α , then
is an edge of Γ`pF s q not contained in H 0 , then there exists pβ 1 , ..., β n , 1q P VerpF s q X E α .
Let p 1 , ..., p n be non-negative normal vectors to the faces H 1 , ..., H n . Then σ σ :" Conepp 1 , ..., p n , e n`1 q. Now we will construct a regular subdivision of σ α . Let us consider the cone τ :" Conepp 1 , ..., p n q Ă σ α , and a regular subdivision RSpτ q of τ that does not subdivide regular faces of τ . Then RSpτ q does not subdivide faces ∆ 1 ň ∆. Let τ 1 P RSpτ q, then there exists q 1 , ..., q n P Conepp 1 , ..., p n q such that τ 1 :" Conepq 1 , ..., q n q. Observe that the cones σ 1 α :" Conepq 1 , ..., q n , e n`1 q define a subdivision of the cone σ α that can be extended to a subdivision Σ of Σ s that does not subdivide faces ∆ 1 ň ∆, which implies that Σ is admissible. Now we will prove that σ 1 α :" Conepq 1 , ..., q n , e n`1 q is regular. Looking at q i as column vectors, and consider the matrix of the size pn`1qˆn:
For each i P t1, ..., n`1u let A i be the matrix of the size nˆn obtained by deleting the row i of the matrix A. As τ 1 :" Conepq 1 , ..., q n q is regular, we have that the greatest common divisor, gcdpd 1 , ..., d n`1 q, where
is equal to 1. Let us suppose that the cone σ 1 α :" Conepq 1 , ..., q n , e n`1 q is not regular, then | detpq 1 , ..., q n , e n`1 q| " d n`1 ě 2. For each H i , 1 ď i ď n we have that α, β P H i , then xα, p i y " xβ, p i y for all 1 ď i ď n, which implies that xα, q i y " xβ, q i y for all 1 ď i ď n. With which we obtain that q i n`1 " ř n j"1 pα j´βjij for all 1 ď i ď n. Then d n`1 divides to d i for all 1 ď i ď n, which contradicts the fact that gcdpd 1 , ..., d n`1 q " 1. Which implies that σ 1 α is regular. Observe that there exist coordinates y 1 , ..., y n`1 of X σ 1 α -C n`1 (before the base change) such that the morphism π σ 1 α pyq :" π σ 1 α py 1 , ..., y n`1 q " px 1 , ..., x n`1 q is defined by:
x n`1 :" y q 1 n`1 1¨¨¨y q n n`1 n y n`1 and x i :" y q 1i 1¨¨¨y q ni n , 1 ď i ď n. From this we obtain F pπ σ 1 pyq, sq " y m 1 1¨¨¨y mn n F py, sq, m i " xq i , αy, 1 ď i ď n. As β P Supppf q and xα, q i y " xβ, q i y for all 1 ď i ď n, we conclude that F py, sq " cpsq`dpsqy n`1`G py, sq, where dpsq ‰ 0 for all s P C m o and e n`1 R SupppGpy, sqq.
This implies that F pπ σ 1 pyq, sq, which is a normal crossings divisor relative
Let us recall the following known fact. Let V 1 be a hypersurface of C n`1 o , n ě 1, provided by a unique isolated singularity at the point o. Let us suppose that V 1 is given by the equation gpxq " 0, where g P O x n`1 . Let us suppose that Σ is a regular admissible subdivision of a Newton fan Γ ‹ pgq. If g is non-generate with respect to the Newton boundary, then the morphism between toric varieties π : X Σ Ñ C n`1 o defines an embedded resolution of V 1 in a neighborhood of π´1poq (see [Var76] , [Oka87] or [Ish07] ).
This shows that if Γ`pF s q " Γ`pf q, where s is the generic point of C m o , and F is a non degenerate deformation of f (µ-constant deformations of f for the Theorem 2.14 in particular), a regular admissible resolution of the Newton fan defines a simultaneous embedded resolution of W . Whereby for the rest of this section we will assume:
(1) F px, sq P Ctx 1 , ..., x n`1 , s 1 , ..., s m u is a non-degenerate µ-constant deformation of f . (2) Γ`pF s q ‰ Γ`pf q. In particular VerpF s q ‰ Verpf q.
Let s be the generic point of C m o . We will construct a regular admissible subdivision, Σ, of Γ ‹ pF s q in the manner that ρ : X Σˆp C m , oq Ñ C n`1 oˆC m o is the sought after simultaneous embedded resolution. Observe that for the result commented upon previously, π : X Σ Ñ C n`1 o defines an embedded resolution of W s .
The following theorem is the main result of this article. Proof. The "if" part is given by Proposition 1.4. We will prove "only if". By Proposition 3.1 there exists an admissible subdivision, Σ, of Γ ‹ pF s q such that for each α P VerpF s , f q, the fan Σ defines a subdivision σ 1 α , ...., σ r α , regular of σ α , such that Ă W t X X σ i αˆC m o is a normal crossings divisor relative to C m o for i P t1, ..., ru. Consider the set, Σpjq, of all the cones of dimension j of Σ. Observe that given a regular admissible subdivision of Σpjq, there exists a regular admissible subdivision of Σpj`1q compatible with the given subdivision. Using recurrence we have that there exists a regular admissible subdivision of Σ that does not subdivide its regular cones. By abuse of notation we will denote for Σ the regular admissible subdivision. To finish the proof we still need to consider α P VerpF s qz VerpF s , f q. Let us consider the cone σ Ă R n`1 ě0 generated by all the non-negative normal vectors to faces of Γ`pF s q which contain a α, and let σ 1 , ..., σ r be the regular subdivision defined by Σ. Let us suppose that p i 1 , ..., p i n`1 are the extremal vectors of σ i . As σ i is regular, we have that X σ i -C n`1 (before the base change). Then we can associate the coordinates y 1 , ..., y n`1 to X σ i such that π σ i :" π| X σ i is defined by π σ i pyq :" π σ i py 1 , ..., y n`1 q " x :" px 1 , ..., x n`1 q, where x j :" y p i 1j 1¨¨¨y p i n`1 j n`1 , p i j :" pp i j1 , ..., p i j n`1 q, 1 ď j ď n`1. By construction, given p P σ we have xα, py " mintxα 1 , py : α 1 P SupppF s qu, where x¨,¨y is the standard scalar product. Then F pπ σ i pyq, sq " y m 1 1¨¨¨y m n`1 n`1 F py, sq, m j " xp i j , αy, 1 ď j ď n`1.
Let cpsq be the coefficient of degree zero of F py, sq. As α R VerpF s , f q, then cpsq ‰ 0 for all s P C m o . Then the property of non degeneracy of F s implies that F pπ σ i pyq, sq is a normal crossings divisor relative to C m o around π´1 σ i poqˆC m o .
The Degenerate Case
Let us recall that F is a deformation of f :
.., s m u, m ě 1, and g i P O x n`1 such that h i poq " g i poq " 0. Consider the relative Jacobian ideal J x pF q :"`B x 1 F, ..., B x n`1 F˘Ă Cts 1 , ..., s m , x 1 , ..., x n`1 u.
The following theorem gives a valuative criterion for the µ-constancy of a deformation.
Theorem 4.1 (See [Gre86] , [LDuS73] and [Tei73] ). The following are equivalent:
(1) F is a µ-constant deformation of f .
(2) For all i P 1, ...., m we have that B s i F P J x pF q, where J x pF q denotes the integral closure of the ideal J x pF q.
(3) For all analytic curve γ : pC, oq Ñ pC n`1ˆCm , oq, γpoq " o, and for all i P t1, ..., mu we have that: Ord t pB s i F˝γptqq ą mintOrd t pB x j F˝γptqq | 1 ď j ď n`1u.
In the general case the following proposition is analogous to Corollary 2.13. Proposition 4.2. Let us conserve the hypothesis on f and F , and let us suppose that SupppF s , f q X R I ą0 ‰ H, I Ĺ t1, ..., n`1u. Then given I Ĺ J Ă t1, .., n`1u, F satisfies some of the following conditions:
(1) F | R J is a µ-constant deformation of f | R J provided by a unique isolated singularity at the point o.
(2) There exists i P J c and β :" pβ 1 , ..., β n`1 q P SupppF s q such that β i " δ ij , for j P J c .
A difference between the degenerate case and the non-degenerate cases is that we do not have, in general, that the point β P SupppF s q of the previous proposition belongs to the set Supppf q.
Example 2. Consider the following deformation F px 1 , x 2 , x 3 , sq :" x 5 1`x 6 2`x 5 3`x 3 2 x 2 3`2 sx 2 1 x 2 2 x 3`s 2 x 4 1 x 2 . In the article [Alt87] it is shown that F is a µ-constant degenerate deformation of the non-degenerate polynomial f px 1 , x 2 , x 3 q :" x 5 1`x 6 2`x 5 3`x 3 2 x 2 3 . In this example we have that VerpF s , f q :" tp4, 1, 0qu Ă R t1,2u ą0 and β :" p2, 2, 1q. Observe that β R Supppf q.
Proof of the Proposition 4.2.
There is not loss of generality in supposing that J " t1, ..., ku, k ď n. We can always write F in the following manner:
F px 1 , ..., x n`1 , sq " Gpx 1 , .., x k , sq`ř kăi x i G i px 1 , ..., x k , sq`ř kăiďj x i x j G ij px 1 , ..., x n`1 , sq, where s " ps 1 , ..., s m q. Observe that F | R J " G, and let g :" f | R J " G| s"0 . Let us suppose that p2q is not satisfied, then G i px 1 , ..., x k , sq " 0 for all k ă i ď n`1, then F px 1 , ..., x n`1 , sq " Gpx 1 , .., x k , sq`ř kăiďj x i x j G ij px 1 , ..., x n`1 , sq.
So we obtain that:
(1) B l F " B l G`ř kăiďj x i x j B l G ij , for 1 ď l ď k, (2) B l F " ř kăiďl x i G il`ř lďj x j G lj`ř kăiďj x i x j B l G ij , for k ă l, (3) B s j 1 F " B s j 1 G`ř kăiďj x i x j B s j 1 G ij , for 1 ď j 1 ď m.
Let us suppose that the singularity of gpxq " Gpx 1 , .., x k , 0q is not isolated in the origin o. Then for each open set o P Ω Ă C k 1 there exists pp 1 , ..., p k q P Ω such that:
(i) gpp 1 , ..., p k q " 0, (ii) B l gpp 1 , ..., p k q " 0, for 1 ď l ď k.
Then pp 1 , ..., p k , 0, ..., 0q P C n`1 is a singularity of f , which is a contradiction.
Let us suppose that Gpx 1 , ..., x k , sq is not a µ-constant deformation of g. Then by virtue of theorem 4.1 there exists 1 ď j ď m, and an analytic curve γptq :" pt r 1 a 1 ptq, ..., t r k a k ptq, t q 1 b 1 ptq, ..., t qm b m ptqq, r i , q i P Z ą0 , such that:
Let us consider the following analytic curve:
βptq :" pt r 1 a 1 ptq, ..., t r n`1 a n`1 ptq, t q 1 b 1 ptq, ..., t qm b m ptqq.
Using the equations p1q, p2q and p3q, we observe that we can choose the large enough r k`1 , ...r n`1 , and the a k`1 ptq, ...a n`1 ptq, which are general enough in the manner that:
(1) Ord t B s j F˝βptq " Ord t B s j G˝γptq for 1 ď j ď m, (2) Ord t B i F˝βptq " Ord t B i G˝γptq for 1 ď i ď k, (3) Ord t B l F˝βptq ě max 1ďiďk tOrd t B i F˝βptqu for k ă l. This implies that Ord t B s j F˝βptq ď min 1ďiďn`1 tOrd t B i F˝βptqu.
This contradicts Theorem 4.1 since F defines a µ-constant deformation. Then Gpx 1 , ..., x k , sq is a µ-constant deformation of g or there exists at least one non-zero G i .
